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Abstract
Along with the rapid expansion of urban rail networks comes the need for accurate predictions of railway
induced vibration levels at grade and in buildings. Current computational methods for making predictions of
railway induced ground vibration rely on simplifying modelling assumptions and require detailed parameter
inputs, which lead to high levels of uncertainty. It is possible to mitigate against these issues using a
combination of field measurements and state-of-the-art numerical methods, known as a hybrid model. In
this paper, two hybrid models are developed, based on the use of separate source and propagation terms
that are quantified using in situ measurements or modelling results. These models are implemented using
term definitions proposed by the Federal Railroad Administration and assessed using the specific illustration
of a surface railway. It is shown that the limitations of numerical and empirical methods can be addressed
in a hybrid procedure without compromising prediction accuracy.
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1. Introduction
As urban congestion and demand for mass transport increase, new railways are being built in increasingly
close proximity to urban areas and building developments are expanding into areas surrounding existing
railways. Current and planned rail network expansions include those in Europe (Crossrail in London,
Regional Express Network in Brussels, Le Grand Paris Express), China (subway systems, high speed rail
network) and the USA (California High Speed Rail). To protect nearby residents and sensitive sites from
railway induced ground vibration, limits are set by local and federal authorities. The meeting of these limits
requires accurate predictions of railway induced vibration levels.
A number of numerical models for predicting vibration levels in the free field and in buildings have been
developed, and involve the application of estimated axle loads to a model of track-soil-structure. These
models vary in complexity from simple models used for scoping at an early design phase, to detailed models
that are used to assess the need for and design of vibration mitigation measures [1]. The utilised modelling
methods include analytical [2], semi-analytical [3, 4] and numerical (finite element (FE) [5], coupled finite
element – boundary element (FE-BE) [6], spectral element [7]) formulations. These modelling approaches
require detailed knowledge of a large range of material and geometrical parameters, defining the properties
of the vehicle, the wheel and rail unevenness, the track and its supporting structure (subgrade or tunnel),
the soil, and the building where the vibrations are perceived. These parameters can be identified by dynamic
system identification, based on in situ experiments and inverse modelling. The level of confidence in these
model predictions is dependent on the uncertainty that exists in both the model structure and the input
parameters. Research efforts are focussing on identifying and quantifying these sources of uncertainties
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[8, 9]. Despite the considerable progress that has been made in developing deterministic forward modelling
approaches, an imbalance exists between the effort needed in modelling and parameter estimation and the
large prediction uncertainty of numerical models.
The aim of this paper is to explore the application of a hybrid modelling procedure to the problem of
railway induced vibration, by using different combinations of numerical analyses and field measurements.
This hybrid modelling procedure is developed in response to the dual problems of large prediction uncer-
tainty and significant modelling effort associated with current state-of-the-art railway vibration models.
The implementation of the hybrid procedure is illustrated using state-of-the-art numerical models and an
extensive field measurement campaign. The development of the hybrid models proceeds here in an incre-
mental manner, with the following two sections setting the context for hybrid model development. Section 2
introduces the case study of a field measurement campaign carried out at Lincent, Belgium; the recorded
train passages are used to define measurement uncertainty windows in one third octave bands. Section 3
presents the formulation and results of numerical predictions for the Lincent site, and a comparison with the
experimental results. The last three sections present the hybrid model framework, and illustrate it using the
measurement data and numerical procedures introduced in Sections 2 and 3, respectively. Section 4 presents
an empirical modelling approach, which is then elaborated upon in Section 5 to develop hybrid modelling
procedures that are applicable to a variety of scenarios. The results are assessed in Section 6 in conjunction
with the in situ measurements and numerical predictions.
2. Case study: the Lincent site
2.1. Site overview
An extensive field measurement campaign was carried out at a site in Lincent, located on the high speed
line L2 between Brussels and Lie`ge [10]. The high-speed line consists of two classical ballasted tracks with
continuously welded UIC 60 rails that are supported every 0.60 m by resilient studded rubber pads on a
prestressed monoblock concrete sleeper. Four types of train operate on the line: InterCity (IC) trains of type
IC-A and IC-O and the Thalys and ICE high speed trains. The railway line is constructed in an excavation
and runs parallel to a highway, separated by an embankment. A cross section of the site is shown in figure 1.
24.82m 20.60m
E40 embankment
track
Figure 1: Cross section of the site in Lincent.
2.2. Experimental setup
The experimental setup, given in figure 2, involved the installation of sixteen high sensitivity seismic
accelerometers (PCB 393 series) measuring free field vertical acceleration along five measurement lines
located perpendicular to the track. The data were recorded using a National Instruments PXI-1050 chassis
with four 4472B modules. The Nyquist frequency is 500 Hz. During the measurement campaign, high noise
levels were recorded below 50 Hz by the sensors located 8 m and 16 m from the track, thus the data from
these sensors has been omitted. The free field response during the passage of 103 trains was measured. Of
these passages, 16 were IC type trains travelling towards Brussels in a limited speed range of 193-200 km/h.
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The measured vibration velocity level in one-third octave bands of these passages at various distances from
the track is shown in figure 3. Close to the track, two peaks are observed in the frequency bands centered
on 20 Hz and 50-63 Hz, which is due resonance of the track on the soil and resonance of the unsprung mass
of the axles of the track, respectively. The general trend of vibration attenuation with increasing receiver
distance is observed, with stronger attenuation of the higher frequency components, which is a result of both
material and geometric damping mechanisms. The influence of train speed cannot be easily determined from
the figure, as a change in the train speed might influence both the vibration magnitude and peak frequency,
but is estimated to be small within this narrow speed range. The scatter in the results due to the various
passages, on the order of 5-10 dB, is primarily attributed to differences in train characteristics, such as the
wheel unevenness and axle loads.
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Figure 2: Measurement setup in the free field at the site in Lincent, indicating the receiver points (✚) and the source points
at the track () and at the soil’s surface adjacent to the track ().
Of the sixteen accelerometers installed at the ground surface, five receivers are located at 12 m from the
track, and another five at 24 m from the track, with each pair of adjacent receivers offset by a longitudinal
distance of approximately 10 m. Figure 4 shows the variation in vibration velocity levels for four train
passages of various speeds using the data from these adjacent receivers. The variation between adjacent
receivers, of the order of 0-5 dB, is expected to be primarily due to differences in local soil characteristics and
installation of the measurement equipment, with wheel-rail unevenness and variation in the track accounting
for some (smaller) effect.
By collating the data from each of the 16 train passages, an average vibration velocity level can be
determined, together with the upper and lower data bounds that represent a measurement uncertainty
window, shown in figure 5. The inclusion of data from adjacent receivers results in a wider uncertainty
window for the receivers at 12 m and 24 m from the track. From this figure, it can be proposed that a 5-
15 dB uncertainty level exists on vibration velocity levels measured during a train passage at the Lincent site.
Whether this uncertainty value can reasonably be extrapolated to other sites has not yet been established.
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Figure 3: One-third octave band RMS level of the measured vertical free field velocity at line C (y = 0m) at (a) 6m, (b) 12m,
(c) 24m, (d) 32m, (e) 48m, and (f) 64m from the track center line during the passage of 16 IC trains (193− 200 km/h). The
train speed is indicated by the greyscale, where a darker shade indicates a higher speed.
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(d)Figure 4: One-third octave band RMS level of the measured vertical free field velocity along the five measurement lines at
distances of 12m (left) and 24m (right) for IC type train passages at (a) 193 km/h, (b) 196 km/h, (c) 198 km/h, and (d)
200 km/h. The y-coordinate is indicated by the grayscale, where a darker shade indicates a smaller y-coordinate.
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Figure 5: The average one-third octave band RMS level of the measured vertical free field velocities at (a) 6m, (b) 12m, (c)
24m, (d) 32m, (e) 48m, and (f) 64m from the track center line during the passage of 16 IC trains (193−200 km/h). The upper
and lower measurement bounds define the shaded region. The results at 12m and 24m include data from adjacent receiver
locations, indicated by the lighter shaded region.
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3. Making predictions: numerical methods
3.1. General framework
Railway induced vibrations are generated by time-varying axle loads gk(t) at each axle k. These axle
loads are made up of quasi-static (gsk) and dynamic (gdk(t)) contributions:
gk(t) = gsk + gdk(t) (1)
The former are the result of the total weight of the train being distributed over each of the axles. The
latter are due to several mechanisms such as wheel and rail unevenness, impact excitation due to rail
joints, wheel flats, switches and crossings, and parametric excitation due to sleeper periodicity [11]. These
loads are transferred to the track, its supporting structure (ballast, subgrade, slab or tunnel) and the soil,
where vibrations propagate as elastic waves. These waves excite nearby buildings through their foundations,
resulting in structural vibration and re-radiated noise.
Numerical prediction models usually involve a two-step procedure where the dynamic vehicle loads are
computed in a first step and then applied to the track for calculation of the free field response in a second
step [12]. For example, by assuming perfect contact between the track and the train and a longitudinally
invariant track geometry [13], the dynamic axle loads gˆd(ω) can be related to the combined wheel and rail
unevenness uˆw/r(ω) perceived by the axles through the track and vehicle compliance matrices Cˆ
t(ω) and
Cˆv(ω), where ω is the angular frequency. This results in:[
Cˆt(ω) + Cˆv(ω)
]
gˆd(ω) = −uˆw/r(ω) (2)
The second step in the numerical procedure involves the application of the dynamic axle loads to the
track and determination of the free field response u(x′, t). When a transfer function Hts(xk,x
′, t) is available
that relates the response at a point in the free field x′ to the load at a point xk on the track, this can be
formally written as:
u(x′, t) =
na∑
k=1
∫ t
−∞
Hts(xk(τ),x
′, t− τ)gk(τ)dτ (3)
where na is the total number of axles [12].
3.2. Model implementation
The general model framework is implemented here using a coupled 2.5D FE-BE model [10] that offers
a balance between computational cost and model complexity, by assuming that the site topography shown
in figure 1 can be represented by a horizontally layered halfspace. Figure 6(a) shows the numerical model
used to solve the track-soil interaction problem, which consists of the track, modelled using a 2.5D FE
methodology, coupled to the soil, represented by a horizontally layered halfspace modelled using a 2.5D BE
approach. The track submodel includes rails, modelled as Euler-Bernoulli beams; rail pads and sleepers,
represented as continuous spring-damper connections to a uniformly distributed mass; and a ballast layer,
modelled as elastic media using solid elements. The soil submodel uses boundary elements along the track-
soil interface. For the Lincent site conditions, the track receptance is primarily influenced by the underlying
soil stratification, which means that explicit modelling of the excavation and the track subgrade can be
avoided [10]. The fundamental solutions of the layered halfspace are provided by the Green’s functions
that represent the displacement in the soil domain due to an impulsive load, and are calculated using the
direct stiffness method, implemented in the MATLAB toolbox EDT [14]. The track compliance matrix is
calculated in a frame of reference that moves with the train and represents the track response at each axle
position due to dynamic loads applied at each axle. The vehicle compliance matrix is calculated using the
simplified vehicle model shown in figure 6(b), that accounts for the unsprung mass of the wheel set and uses
a Hertzian spring to model the contact between the wheel set and both rails. Having determined the two
compliance matrices and using the measured wheel and rail unevenness profile from the site investigation,
the dynamic axle loads can be computed using equation (2).
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Figure 6: (a) Cross section of the 2.5D track–soil model used for calculating the track compliance, where he indicates the depth
of the excavation and hs indicates the depth of the track subgrade, and (b) the simplified vehicle model.
The transfer function is determined using the 2.5D coupled FE-BE model shown in figure 7. An excitation
force is applied at position xk to the FE track submodel. The resulting displacements and tractions at the
track-soil interface are used as inputs in the BE soil submodel, which is used to determine the response in
the free field and thus the transfer function. As the excavation and the track subgrade have been shown
to have a small but non-negligible influence on the track-free field mobility [10], they are included in this
model.
he
hs
Figure 7: Cross section of the 2.5D track–soil model used for calculating the track-free field transfer functions.
3.3. Parameter determination - site characteristics
Sample borings and CPT tests showed that the Lincent soil profile consists of a shallow top layer of silt,
followed by a layer of fine sand. Below this, a sequence of hard arenite layers embedded in clay is followed
by a sequence of fine sand and clay layers. The small strain dynamic soil characteristics are determined from
the results of two seismic cone penetration tests and two spectral analysis of surface waves tests [15, 16].
For each layer, the depth h, shear wave velocity Cs, dilatational wave velocity Cp, material damping ratios
βs and βp in shear and dilatational deformation, and density ρ are summarised in table 1.
The dynamic track characteristics are determined based on design values or identified using the measured
track response. Lombaert et al. [17] measured track receptances at the site by applying a hammer impact at
the rail head, while using accelerometers mounted on the rail to measure the corresponding rail response in
both loaded and unloaded conditions. The input parameters of a 2.5D FE-BE model were then determined
indirectly by fitting the predicted track receptance to the measured result. These input parameters are used
by Verbraken [10] as initial estimates in a 2.5D FE-BE model that has been modified to take into account
the excavation and the track subgrade. Parameter updating is again performed by fitting the model output
to the measured track receptances. The identified dynamic track charateristics are summarised in table 2.
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Layer h Cs Cp βs βp ρ
[m] [m/s] [m/s] [-] [-] [kg/m3]
1 1.4 128 286 0.044 0.044 1800
2 2.7 176 286 0.038 0.038 1800
3 ∞ 355 1667 0.037 0.037 1800
Table 1: Dynamic soil characteristics for the site in Lincent, Belgium.
The EM130 measurement vehicle, equipped with an Applanix POS/TG system, was used to record the
irregularity and alignment of both rails, and the curvature, superelevation and grade of the Lincent track.
Reliable measurements of the track unevenness were obtained in a wavelength range of 3 to 63 m, which
corresponds to an excitation in the frequency range of 0.9 to 17 Hz at a train speed of 198 km/h. The
PSD of the average measured vertical unevenness of both rails is shown in figure 8. To obtain estimates
for the unevenness at smaller wavelengths, the measured PSD was fitted to a typical rail unevenness profile
S˜uw/rz (ky) [m
3/rad] proposed by the FRA [18]:
S˜uw/rz (ky) =
1
2pi
A
n2y2(n
2
y + n
2
y2)
n4y(n
2
y + n
2
y1)
(4)
where ny = ky/2pi is the circumferential wavenumber and the constants ny1 = 0.0233m
−1 and ny2 =
0.13m−1 are determined based on a database. The parameter A represents the quality of the track. The
FRA defines six classes of unevenness, of which the limiting class 1 and class 6 are shown in figure 8. The
fitted Lincent unevenness (also shown in figure 8) has A = 4.75 × 10−9, and is much lower than the FRA
classes of unevenness, indicating low roughness and very good track quality.
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Figure 8: Measured (solid black line) and fitted (dashed black line) PSD of the vertical rail unevenness at the site in Lincent.
Also shown are FRA unevenness profiles class 1 (dark grey line) and class 6 (light grey line).
3.4. Results
Using the determined parameters and the two-step numerical formulation, results are obtained for the
vibration velocity levels at various distances from the track for an IC train travelling at 198 km/h. These are
shown in figure 9. The numerical predictions are overlaid on experimental measurements shown in figure 5.
The agreement between the model predictions and the measured results is moderately good in the 25-100 Hz
region, with the prediction generally lying within 0-5 dB from the shaded measurement bounds. Less good
agreement is observed at frequencies below 25 Hz, with discrepancies of up to 10 dB. Despite this, and in
light of the significant levels of uncertainty that have been shown to be present in numerical models [19],
it can be concluded that this numerical method has produced credible vibration predictions for the Lincent
site. This is attributed to the fact that the site at Lincent has been specially selected for model validation
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Rail Flexural stiffness (per rail) ErIr = 6.45× 10
6Nm2
Mass per length (per rail) ρrAr = 60.3 kg/m
Position of left rail xr1 = −0.7175m
Position of right rail xr2 = +0.7175m
Rail pad Stiffness k¯rp = 255.7× 10
6N/m2
Viscous damping c¯rp = 22.5× 10
3Ns/m2
Sleeper Mass per length m¯sl = 500 kg/m
Mass moment of inertia ρslI¯t sl = 262.17 kgm
Length lsl = 2.50m
Ballast Height hb = 0.35m
Upper width wbu = 3.60m
Lower width wbl = 5.60m
Shear wave velocity Cs = 153.7m/s
Longitudinal wave velocity Cp = 307.4m/s
Shear damping ratio βs = 0.03
Longitudinal damping ratio βp = 0.03
Mass density ρb = 1700 kg/m
3
Track subgrade Shear wave velocity Cs = 300m/s
Longitudinal wave velocity Cp = 600m/s
Shear damping ratio βs = 0.044
Longitudinal damping ratio βp = 0.044
Mass density ρs = 1854 kg/m
3
Height hs = 1m
Table 2: Dynamic characteristics of the ballasted track at the site in Lincent after updating of the track receptance.
purposes, due to its relatively flat site topography and lack of surrounding buildings making it ideal for
incorporation into numerical models. Furthermore, extensive testing efforts have provided detailed data on
the site parameters for use in the numerical models.
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Figure 9: The numerical prediction (thick black line) of the one-third octave band RMS level of the measured vertical free field
velocities at (a) 6m, (b) 12m, (c) 24m, (d) 32m, (e) 48m, and (f) 64m from the track center line for an IC train (198 km/h).
Underlain is the average (thin black line), upper and lower measurement bounds determined from experimental measurements
of 16 IC trains (193 - 200 km/h). The bounds at 12m and 24m include data from adjacent receiver locations, indicated by the
lighter shaded region.
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4. Making predictions: empirical methods
4.1. Division of vibration terms
In practice, vibration predictions are made using simplified empirical methods. Examples of empirical
methods include the procedures developed by the FRA and the Federal Transit Administration (FTA) of the
U.S. Department of Transportation [1, 20], the Swiss Federal Railways (SBB) [21], Madshus et al. [22], and
Hood et al. [23]. Following the guidance of the ISO 14837-1 standard [24], the procedures developed by the
FRA and FTA involve three different levels of assessment: a screening procedure, a general environmental
assessment, and a detailed vibration analysis. The first two levels are used to screen for vibration sensitive
sites. The third level uses field measurements of excitation forces and transmission paths to estimate the
ground response, to which adjustment factors are applied for calculation of the building response [25, 26].
The advantage of this method is that it avoids the need for extensive soil characterisation tests by directly
measuring the vibration transmission through the soil [1].
The ISO 14837-1 standard recommends a general framework that involves expressing the magnitude of
the quasi-stationary response A(f) in the free field during a train passage as the sum of two terms:
A(f) = S(f) + P (f) (5)
where S(f) represents the source strength and P (f) characterises the propagation path. All three terms are
expressed in decibels, as a function of frequency f . The source and propagation terms can be considered
to be uncoupled only in some situations for simplified models. To obtain the vibration velocity level at a
given frequency, each of these terms should be calculated at the same frequency, which is strictly speaking
not valid for moving sources due to the Doppler effect [10].
4.2. Model implementation
The empirical procedure proposed by the FRA [1] is a popular approach that conforms to this general
framework, and is presented here as an example of an empirical method that uses division of source and re-
ceiver terms. The vibration transfer from track to ground surface is divided into two components: excitation
force and vibration propagation. This is expressed in the equation:
Lv(x
′) = LF(X,x
′) + TML(X,x
′) (6)
where X is a vector that collects all the source points, located on the rail heads, that are used for the field
measurements. The term Lv(x
′) is the vibration velocity level at the receiver point x′, and is measured
in decibels at one-third octave band intervals. The excitation force, represented by the equivalent force
density level LF(X,x
′), depends on both the actual force generated at the wheel/rail interface and the
dynamic characteristics of the transit structure (that is, the tunnel or ballast and the soil). The vibration
propagation from the track, through the soil to the receiver point on the soil surface is contained within the
line source transfer mobility term TML(X,x
′).
The FRA procedure is applicable to both existing and new build situations, and its implementation for
the case of a new railway is illustrated in figure 10 and described here. Firstly, the line source transfer
mobility TML(X1,x
′) is measured directly at the site of the new railway (the ‘assessment site’ - figure 10a).
As the new railway has not yet been built, source points X at the rail heads are not available, so source
points X1 located on the soil’s surface close to the future track position are used. The line source transfer
mobility is obtained as the superposition of the point source transfer mobility levels TMP(x1k,x
′) for a
series of n equidistant source points with spacing h:
TML(X1,x
′) = 10 log10
[
h
n∑
k=1
10
TMP(x1k,x
′)
10
]
(7)
The absence of a track at the assessment site means that it is not possible to measure the force density
level directly, so it is extrapolated from measurements of a similar train passage at a second site with similar
12
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Figure 10: Position of the source and receiver points at (a) the assessment site, where the new railway is to be built and (b)
the reference site.
track and soil characteristics (the ‘reference site’ – figure 10b). At this reference site, the force density
level is calculated as the difference between the measured vibration velocity level Lv(x
′) and the line source
transfer mobility level TML(X1,x
′), which for consistency is measured using the same source locations X1,
located on the soil’s surface next to the track, and receiver locations x′ as the assessment site. The resulting
force density level:
LF(X1,x
′) = Lv(x
′)− TML(X1,x
′) (8)
represents the equivalent fixed line source that results in the same vibration velocity level as the train
passage. Vibration predictions at the assessment site are then calculated as the sum of the estimated force
density level from the reference site and the transfer mobility measured at the assessment site.
4.3. Results
The line source transfer mobilities and force density terms for the site at Lincent were determined using
the recorded train passages and measured transfer functions, and are presented below.
Transfer functions were obtained using an impact hammer with a mass of 5.5 kg and a soft tip equipped
with a force sensor (PCB 086D50). Two impact locations, the edge of the sleeper and an aluminium
foundation installed at the soil’s surface at a distance of 5.05 m from the centre of the track were used.
The free field response was obtained by summing the acceleration time signals for 100 hammer impacts
at each impact location, then windowing and integrating to obtain the velocity response. An averaged
mobility between each source and receiver could then be computed using the forcing history. The hammer
impacts were applied every 10 m along the track, over a distance of 160 m. The line source transfer mobility
were then determined as the summation of the point source transfer mobilities according to equation (7).
Figure 11 shows the measured line source transfer mobilities determined at distances of 6 m, 12 m, 24 m,
32 m, 48 m and 64 m from the track. The receiver locations were fixed regardless of the impact location, so
there is a smaller source-receiver distance when impacts are applied at the foundation on the soil’s surface
adjacent to the track. This explains the large magnitude of the line source transfer mobility at 6 m in
figure 11(b). Apart from this distance effect, the line source transfer mobilities obtained using impacts on
the track are slightly lower than those obtained using impacts adjacent to the track due to a vibration
filtering effect caused by the presence of the track. The transfer functions show a non-uniform decay with
increasing distance from the track, due to a combined effect of geometrical spreading and material damping
in the soil. As the attenuation is stronger for higher frequencies, the peak of the frequency content is shifted
towards lower frequencies.
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Figure 11: Measured line source transfer mobility level for source points at (a) the edge of the sleeper and (b) the soil’s surface
adjacent to the track, for receivers at 6m, 12m, 24m, 32m, 48m, and 64m . The distance from the track is indicated by the
line shade, where a darker shade indicates a smaller distance.
The measured force density level is determined as the difference between the vibration velocity level for
a given train passage and the measured line source transfer mobilities shown in figure 11. A single passage
of an IC train at 198 km/h is used here to quantify the vibration velocity level. Very similar results are
obtained if the average measured vibration velocity level due to different passages of the same train type in
a limited speed range (193 - 200 km/h) is used. Figure 12 shows the force density levels, determined with
sources located at the edge of the sleeper and adjacent to the track. In the frequency range of 25-63 Hz, the
force density is relatively invariant with receiver distance, except for the 6 m response in figure 12(b), which
may not be a useful metric due to the very small distance (0.95 m) between the excitation point and the
receiver. Outside of this frequency range, a strong dependence of the force density on the receiver distance is
observed, with differences of more than 10 dB, ranging up to 15 dB in certain frequency bands, between the
force density levels determined using receivers at 6 m and 64 m. A maximum difference of 40 dB is observed
in figure 12(b) at frequencies above 63 Hz. The force density level in this region is dominated by the strong
attenuation of the line source transfer mobility with increasing distance from the track. This suggests that
the force density level cannot be considered to be uncoupled from the through-soil transfer functions. As
the force density levels shown here have been determined from field measurements, they inherently account
for the movement of the train and all the relevant details of the coupled train-track-soil system.
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Figure 12: Measured force density level for sources located at (a) the edge of the sleeper and (b) the soil’s surface adjacent to
the track, calculated based on the response at 6m, 12m, 24m, 32m, 48m, and 64m during the passage of an IC train (198
km/h). The distance from the track is indicated by the line shade, where a darker shade indicates a smaller distance.
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5. Making predictions: hybrid methods
5.1. General framework
Hybrid or semi-empirical models combine numerical and empirical methods, offering greater flexibility
and robustness than a single modelling method. By integrating field measurements with state-of-the-art
modelling techniques, the need for simplifying modelling assumptions and detailed parameter identification
can be partially avoided. This is expected to result in a reduction of prediction uncertainty at a reduced
cost. Hybrid models can also be employed in situations where there is not sufficient experimental data to
fully characterise the source strength and the vibration transmission, such as when the vibration behaviour
of new tracks, new trains, or the installation of vibration mitigation measures is to be evaluated. Hybrid
models incorporating field measurements and numerical results into a single prediction are unexplored in
the literature.
The ISO framework involving division of the vibration response into separate source and propagation
terms forms an ideal basis for hybrid models, as each of the terms can be determined using field mea-
surements, or calculated using numerical procedures. Thus two generic hybrid models are defined: model
1, which involves numerical prediction of the source term and a propagation term determined using field
measurements:
AHYB(f) = SNUM(f) + PEXP(f) (9)
and model 2, which involves determination of the source term using field measurements and numerical
prediction of the propagation term:
AHYB(f) = SEXP(f) + PNUM(f) (10)
where the superscripts HYB, NUM and EXP represent hybrid, numerical, and experimental (measured)
means of calculating the vibration terms.
The use of a numerical prediction of the source term in model 1 is particularly suited to situations where
a railway does not yet exist at the site of interest, or has only been partially constructed. This model
also provides a means of easily assessing the effect of alterations to the track, such as the installation of
track-based mitigation measures like resilient fasteners, rail pads and floating slab track, and alterations
to the train, such as reduced wheel/rail roughness and increased train speed. The use of a measured
propagation term offers resilience in the case of a site with complex soil stratification, avoiding both the
expense of extensive soil characterisation tests and the modelling effort required to implement multiple soil
layers. However, in situ measurements are still required to obtain transfer functions that characterise the
propagation path.
Model 2 employs a measured source term that is particularly useful in situations where the track condi-
tions/geometry are not well-suited to numerical modelling procedures. For example, it may not be possible
to conduct in situ measurements of the track unevenness to determine the dynamic axle loads, or transition
zones with changing track support stiffness may be present, which currently cannot be incorporated into
2.5D formulations. The use of a numerical prediction of the propagation term provides a means of assessing
the effect of installing mitigation measures such as trenches, wave barriers and wave impeding blocks. This
type of hybrid model can also significantly reduce the numerical model complexity by avoiding the need for
characterisation of the track parameters and inclusion of the train and track elements.
5.2. Model implementation: definition of terms
The generic hybrid models can be implemented using any prescribed method of determining the source
and propagation terms. In the following implementation, these terms are defined as per the FRA procedure
described in Section 4. The determination of the line source transfer mobilities and force density terms using
in situ measurements has already been described; here a summary of the derivation of analytical expressions
for these terms is presented. The full derivation is found in Verbraken et al. [27].
Starting with equation (3), the assumptions of fixed, incoherent and equal point loads at the axles are
systematically introduced. The narrow band transfer function is replaced by its averaged value in one-third
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octave bands and the mean square value of the stationary part of the vibration velocity v2RMS is determined
in one-third octave bands. The vibration velocity level Lv(x
′) in the FRA procedure is defined as 10 times
the logarithm to base 10 of v2RMS with respect to a reference value of 10
−8 m/s. Separation of the source
and propagation terms results in an analytical expression for the force density:
LF(x
′) = 10 log10
[
na
Lt
g2dRMS
]
(11)
and an analytical expression for the line source transfer mobility:
TML(X,x
′) = 10 log10
[
Lt
na
na∑
k=1
∫ ω2
ω1
|hˆzz(xk,x
′, ω)|2dω
∆ω
]
(12)
Equation (11) represents the force per unit length applied by the axles at the wheel/rail contact at a
fixed position. It is calculated based on the spectrum of the dynamic axle loads of the train gdRMS, using
equation (2) and expressed in one-third octave bands, and the ratio of the number of axles na to the train
length Lt. It should be noted that the term gdRMS contains only the dynamic component of the axle loads.
The static component of the axle loads manifests in the free field response as a quasi-static contribution
that cannot be written in the form of equation (5). This quasi-static contribution is only significant at
low frequencies when close to the track and can thus be neglected. The expression for the force density
level is independent of the separation distance of the source and receiver, as a result of the approximations
introduced at the start of this derivation. This expression will be referred to as the ‘direct’ method of
calculating the force density level, cf. the ‘indirect’ method given in equation (8). It is only indirectly
influenced by the speed of the train via the dynamic axle load term.
Equation (12) represents the average value of the vibration energy transfer for all axles multiplied by
the train length. The term hˆzz(xk,x
′, ω) is the transfer function relating the displacement at receiver point
x′ in the direction ez due to a point load at source point xk in direction ez, and is first averaged over the
frequency band [ω1, ω2] with bandwidth ∆ω, then summed over the total number of axles. This expression
for the line source transfer mobility is dependent, yet relatively insensitive, to the exact position of the axles
and the number of source points considered [10].
The line source transfer mobility can also be written as the superposition of point source transfer mo-
bilities:
TML = 10 log10
[
La
na∑
k=1
10
TMPk
10
]
(13)
where TMPk is defined as:
TMPk = 10 log10
[∫ ω2
ω1
|hˆzz(xk,x
′, ω)|2dω
∆ω
]
(14)
Each of these point loads are located at the position of the corresponding axle; however, the FRA procedure
uses point loads that are distributed equidistantly along the train. Coupled FE-BE analysis shows that the
use of equidistant loads, together with the other assumptions used in this derivation, are valid for the case
of predicting the approximately stationary part of the vibrations due to railway traffic [27]. It is estimated
that these assumptions introduce errors of the order of 4 to 6 dB in the one-third octave band predictions
[10].
Figure 13 shows the directly predicted force density level for the passage of an IC-A train (198 km/h),
calculated using the dynamic axle loads and equation (11). The maximum force density level is occurring
in the one-third octave bands centered on 50 Hz, 63 Hz and 80 Hz.
To calculate the line source transfer mobility, excitation forces are applied to the track submodel with
a spacing of 10 m over a distance of 160 m. To maintain consistency with the in situ measurements, the
impact locations are at the edge of the sleeper and on the soil’s surface adjacent to the track. Figure 14
shows the calculated line source transfer mobility levels. These calculated level are similar to the measured
line source transfer mobilities shown in figure 11, except at high frequencies.
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Figure 13: Directly predicted force density level for an IC-A train (198 km/h).
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Figure 14: Predicted line source transfer mobility level for sources located at (a) the edge of the sleeper and (b) adjacent to
the track, with receivers at 6m, 12m, 24m, 32m, 48m, and 64m. The distance from the track is indicated by the line shade,
where a darker shade indicates a smaller distance.
The numerical force density level can also be calculated indirectly using the difference between the
vibration velocity level and the line source transfer mobility. Figure 15 shows the indirectly predicted force
density level based on the response at 6 m, 12 m, 24 m, 32 m, 48 m, and 64 m and determined with sources
located at the edge of the sleeper and adjacent to the track. As observed for the measured force density
levels in figure 12, the force density levels are relatively invariant with distance in the frequency range of
25-50 Hz, if the 6 m response in figure 15(b) is ignored. Again, a greater degree of dependance on receiver
position is observed outside of this frequency range, particularly above 50 Hz in figure 15(b). Unlike for
the direct prediction method, these force density levels do account for the movement of the train and are
dependent upon the receiver position.
5.3. Model implementation: model 1
The first hybrid model presented in this paper combines a numerical prediction of the force density with
a line source transfer mobility determined using field measurements. There are two possible methods for
obtaining the numerical prediction of the force density.
5.3.1. Model 1a: direct numerical prediction of the force density
Direct prediction uses an analytical expression for the force density, derived in subsection 5.2, which uses
source points X located at both rail heads and is independent of the receiver location. The resulting hybrid
model is described using the equation:
LHYBv (x
′) = LNUMF (X) + TM
EXP
L (X,x
′) (15)
As this model does not fully account for the movement of the train, it is expected that more accurate
predictions will be obtained using an indirect numerical prediction of the force density, given below.
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Figure 15: Indirectly predicted force density level for sources located at (a) the edge of the sleeper and (b) adjacent to the
track, based on the response at 6m, 12m, 24m, 32m, 48m, and 64m during the passage of an IC train (198 km/h). The
distance from the track is indicated by the line shade, where a darker shade indicates a smaller distance.
5.3.2. Model 1b: indirect numerical prediction of the force density
The second method for obtaining the numerical prediction of the force density is the indirect prediction
method that utilises the difference between the numerical prediction of the vibration velocity level and the
numerical line source transfer line mobility:
LNUMF (X,x
′) = LNUMv (x
′)− TMNUML (X,x
′) (16)
This results in a force density level LNUMF (X,x
′) that depends on both the sourceX and receiver x′ locations.
The hybrid model expression is therefore:
LHYBv (x
′) = LNUMF (X,x
′) + TMEXPL (X,x
′) (17)
and substitution of equation (16) yields:
LHYBv (x
′) = LNUMv (x
′)− TMNUML (X,x
′) + TMEXPL (X,x
′) (18)
This expression represents a numerical prediction of the vibration velocity at the receiver location x′, with
a correction term TMEXPL (X,x
′)− TMNUML (X,x
′) to account for the vibration propagation measurements.
This correction term is expected to reduce the prediction error in the numerical model due to simplifying
assumptions and parameter uncertainty in the underground environment, which is particularly pertinent
when complex soil stratification is present.
5.3.3. Alternative source locations
The numerical predictions for the force density level have, up to now, been determined with source points
X located at the rail heads, and have been combined in hybrid models with measured line source transfer
mobility levels that are also determined with source points X at the rail heads. In the event that alternative
source locations are required (such as the illustration in figure 10(a), where a track is not present at the site
of interest), source point locations X1 away from the railhead can be used for both the force density level
and the line source transfer mobility:
LHYBv (x
′) = LNUMF (X1,x
′) + TMEXPL (X1,x
′) (19)
This expression uses an indirect prediction of the numerical force density LNUMF (X1,x
′) with source points
at X1, which is given by:
LNUMF (X1,x
′) = LNUMv (x
′)− TMNUML (X1,x
′) (20)
Substituting this into equation (19) results in:
LHYBv (x
′) = LNUMv (x
′)− TMNUML (X1,x
′) + TMEXPL (X1,x
′) (21)
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This expression is the alternative to equation (18), and is suitable for indirect numerical prediction of the
force density with sources located away from the rail heads, for example on the sleeper’s edge or next to
the track. It can be regarded as a numerical prediction of the vibration velocity level at receiver location x′
together with a transfer function correction term TMEXPL (X1,x
′) − TMNUML (X1,x
′) that makes use of the
alternative source location X1 to account for the propagation path measurements.
The numerical vibration velocity LNUMv (x
′) can be obtained using the direct expression for the force
density:
LNUMv (x
′) = LNUMF (X) + TM
NUM
L (X,x
′) (22)
resulting in:
LHYBv (x
′) = LNUMF (X) + TM
NUM
L (X,x
′)− TMNUML (X1,x
′) + TMEXPL (X1,x
′) (23)
This expression is the alternative to equation (15), and is suitable for direct numerical prediction of the force
density with sources located away from the rail heads. It combines the analytical expression for the force
density with a measured line source transfer mobility using source location X1. The difference in source
point locations is accounted for in the numerical correction term TMNUML (X,x
′)− TMNUML (X1,x
′).
5.4. Model implementation: model 2
The second hybrid model combines field measurements of the force density with a numerical prediction
of the line source transfer mobility. The resulting hybrid model is described using the equation:
LHYBv (x
′) = LEXPF (X,x
′) + TMNUML (X,x
′) (24)
which involves source locations X at the rail heads for determining both the force density and the line source
transfer mobility.
As per the FRA procedure, the measured force density is determined as the difference between the
measured vibration velocity level and the line source transfer mobility:
LEXPF (X,x
′) = LEXPv (x
′)− TMEXPL (X,x
′) (25)
The hybrid model expression is therefore:
LHYBv (x
′) = LEXPv (x
′)− TMEXPL (X,x
′) + TMNUML (X,x
′) (26)
This expression represents a measured vibration velocity at the receiver location x′, with a numerical adjust-
ment of the propagation path term TMNUML (X,x
′)−TMEXPL (X,x
′). This model would be relevant when the
effect of a modification to the vibration propagation path of an existing railway is to be evaluated. Examples
of such modifications include open trenches [28], soft or stiff wave barriers [29, 30], and heavy masses next
to the track [31], all of which have been shown to impede the transmission of waves through the soil.
5.4.1. Alternative source locations
As per model 1, a hybrid model expression can be formulated for situations where the source point
locations X1 are located away from the rail heads:
LHYBv (x
′) = LEXPF (X1,x
′) + TMNUML (X1,x
′) (27)
If the source point locations are on the soil surface, sufficiently far from the track, the presence of the track
could be disregarded in the calculation of the line source transfer mobility. This will result in significant
computational savings, as the need for characterisation of the excitation mechanism and the track can be
avoided when formulating the numerical model.
Using the FRA procedure to determine the measured force density (equation (25)) results in:
LHYBv (x
′) = LEXPv (x
′)− TMEXPL (X1,x
′) + TMNUML (X1,x
′) (28)
This expression is the alternative to equation (26) and is suitable for numerical prediction of the line source
transfer mobility with sources located away from the rail heads. It combines a measured vibration velocity
level at receiver location x′ with a transfer function adjustment term TMNUML (X1,x
′)−TMEXPL (X1,x
′) that
makes use of the alternative source location X1 to account for modification to the vibration propagation
path.
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6. Results
In this section, the free field vibration levels predicted using the hybrid models are compared with
vibrations predicted using the numerical model, and measured during the passage of an IC-A train travelling
at 198 km/h.
6.1. Model 1a: direct numerical prediction of the force density
The first hybrid model results involve a direct numerical prediction of the force density that is combined
with a measured line source transfer mobility. Sources located at the edge of the sleeper have been used
for the measurements, hence a numerical correction factor is used to account for the offset between the rail
heads and the edge of the sleeper, as per equation (23). Figure 16 shows the resulting hybrid prediction.
The agreement between the hybrid model and the measurements is within 10 dB. The numerical model
predictions show very good agreement with the measured results, and in some instances this agreement is
better than that obtained using the hybrid method. This good agreement is attributed to the fact that the
site at Lincent has been specially selected for model validation purposes, due to its site topography being
ideal for incorporation into numerical models. Furthermore, extensive testing efforts have provided detailed
data on the site parameters for use in the numerical models.
6.2. Model 1b: indirect numerical prediction of the force density
Figures 17 and 18 show the results of the hybrid model described in equation (21), which combines an
indirect numerical prediction of the force density with a measured line source transfer mobility using sources
located at the edge of the sleeper and at the soil’s surface adjacent to the track, respectively. The source
points at the edge of the sleeper provide a hybrid prediction that is in marginally better agreement with the
measured results than that obtained using source points adjacent to the track.
The agreement between this hybrid model and the field measurements is generally within 6 dB. This
level of agreement is better than that obtained using model 1a, the direct numerical prediction of the force
density. One reason for this is that the movement of the train is accounted for in the indirect prediction
method, but disregarded in the direct prediction method.
6.3. Model 2: numerical prediction of the line source transfer mobility
The final hybrid model combines a measured force density level, using sources located at the edge
of the sleeper and on the soil’s surface, with a numerical prediction of the line source transfer mobility,
as described in equation (28). These results are shown in figures 19 and 20. The hybrid model can be
considered to represent a measured free field vibration level, with an adjustment of the transfer function
TMNUML (X1,x
′) − TMEXPL (X1,x
′). This adjustment is relevant when the effect of a modification to the
propagation path is to be evaluated. As this is not the case here, the difference between the hybrid model
results and the measured free field level indicates the prediction accuracy of the numerical method for
determining the line source transfer mobility level. Whilst this is useful for validating the numerical model,
it has little practical significance. Both figures show relatively good agreement between the predictions and
the measurements. Varying the source position has little effect.
7. Conclusions
This paper has presented two hybrid models for predicting surface vibration levels generated by a rail-
way at grade. The first model combines a measured transfer mobility with a numerical prediction of the
force density level, calculated either directly from an analytical expression or indirectly using the differ-
ence between predicted vibration velocity levels and a predicted line source transfer mobility. This model
provides a means of easily assessing different track arrangements and offers resilience in the case of a site
with complex soil stratification. The second model combines a measured force density with a numerical
prediction of the transfer mobility and can be used to determine the effect of the installation of a mitigation
measure within the propagation path. Both models show generally good agreement with measurements
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Figure 16: Hybrid prediction of the vibration velocity level at (a) 6m, (b) 12m, (c) 24m, (d) 32m, (e) 48m, and (f) 64m for
an IC train (198 km/h), based on a directly predicted force density level (thick black line), numerical prediction (thin black
line), and measured bounds for similar train speeds (dark shaded region) and adjacent receiver locations (light shaded region).
The line source transfer mobility has been measured using sources located at the edge of the sleeper.
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Figure 17: Hybrid prediction of the vibration velocity level at (a) 6m, (b) 12m, (c) 24m, (d) 32m, (e) 48m, and (f) 64m for
an IC train (198 km/h), based on an indirectly predicted force density level determined with sources located at the edge of the
sleeper (thick black line), numerical prediction (thin black line), and measured bounds for similar train speeds (dark shaded
region) and adjacent receiver locations (light shaded region).
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Figure 18: Hybrid prediction of the vibration velocity level at (a) 6m, (b) 12m, (c) 24m, (d) 32m, (e) 48m, and (f) 64m for
an IC train (198 km/h), based on an indirectly predicted force density level determined with source points at the soil’s surface
adjacent to the track (thick black line), numerical prediction (thin black line), and measured bounds for similar train speeds
(dark shaded region) and adjacent receiver locations (light shaded region).
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Figure 19: Hybrid prediction of the vibration velocity level at (a) 6m, (b) 12m, (c) 24m, (d) 32m, (e) 48m, and (f) 64m
for an IC train (198 km/h), based on a predicted line source transfer mobility level determined with source points at the edge
of the sleeper (thick black line), numerical prediction (thin black line), and measured bounds for similar train speeds (dark
shaded region) and adjacent receiver locations (light shaded region).
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Figure 20: Hybrid prediction of the vibration velocity level at (a) 6m, (b) 12m, (c) 24m, (d) 32m, (e) 48m, and (f) 64m for
an IC train (198 km/h), based on a predicted line source transfer mobility level determined with source points at the soil’s
surface adjacent to the track (thick black line), numerical prediction (thin black line), and measured bounds for similar train
speeds (dark shaded region) and adjacent receiver locations (light shaded region).
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obtained from the passage of InterCity trains. Both numerical predictions and field measurements indicate
that a strong dependence of the force density on receiver location exists, with differences of 10 dB commonly
observed between force density values determined using receiver points at 6 m and 64 m.
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